Introduction {#Sec1}
============

Symmetric best matches (Tatusov et al. [@CR43]), also known as bidirectional best hits (BBH) (Overbeek et al. [@CR35]), reciprocal best hits (RBH) (Bork et al. [@CR5]), or reciprocal smallest distance (RSD) (Wall et al. [@CR45]) are the most commonly employed method for inferring orthologs (Altenhoff and Dessimoz [@CR4]; Altenhoff et al. [@CR3]). Practical applications typically produce, for each gene from species *A*, a list of genes found in species *B*, ranked in the order of decreasing sequence similarity. From these lists, reciprocal best hits are readily obtained. Some software tools, such as ProteinOrtho (Lechner et al. [@CR30], [@CR31]), explicitly construct a digraph whose arcs are the (approximately) co-optimal best matches. Empirically, the pairs of genes that are identified as reciprocal best hits depend on the details of the computational method for quantifying sequence similarity. Most commonly, blast or blat scores are used. Sometimes exact pairwise alignment algorithms are used to obtain a more accurate estimate of the evolutionary distance, see Moreno-Hagelsieb and Latimer ([@CR33]) for a detailed investigation. Independent of the computational details, however, reciprocal best match are of interest because they approximate the concept of pairs of *reciprocal evolutionarily most closely related* genes. It is this notion that links best matches directly to orthology: Given a gene *x* in species *a* (and disregarding horizontal gene transfer), all its co-orthologous genes *y* in species *b* are by definition closest relatives of *x*.

Evolutionary relatedness is a phylogenetic property and thus is defined relative to the phylogenetic tree *T* of the genes under consideration. More precisely, we consider a set of genes *L* (the leaves of the phylogenetic tree *T*), a set of species *S*, and a map $\documentclass[12pt]{minimal}
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Definition 1 {#FPar1}
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Fig. 1An evolutionary scenario (left) consists of a gene tree whose inner vertices are marked by the event type ($\documentclass[12pt]{minimal}
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                \begin{document}$$y\mathrel {\rightarrow }x$$\end{document}$) are drawn as solid lines without arrow heads instead of pairs of arrows. Dotted circles collect sets of leaves that have the same in- and out-neighborhood. The corresponding arcs are shown only once

In order to understand how best matches (in the sense of Definition [1](#FPar1){ref-type="sec"}) are approximated by best hits computed by mean sequence similarity we first observe that best matches can be expressed in terms of the evolutionary time. Denote by *t*(*x*, *y*) the temporal distance along the evolutionary tree, as in Fig. [1](#Fig1){ref-type="fig"}. By definition *t*(*x*, *y*) is twice the time elapsed between $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma (y')=\sigma (y)\ne \sigma (x)$$\end{document}$." Mathematically, this is equivalent to Definition [1](#FPar1){ref-type="sec"} whenever *t* is an ultrametric distance on *T*. For the temporal distance *t* this is the case. Best match heuristics therefore assume (often tacitly) that the *molecular clock hypothesis* (Zuckerkandl and Pauling [@CR48]; Kumar [@CR27]) is at least a reasonable approximation.

While this strong condition is violated more often than not, best match heuristics still perform surprisingly well on real-life data, in particular in the context of orthology prediction (Wolf and Koonin [@CR46]). Despite practical problems, in particular in applications to Eukaryotic genes (Dalquen and Dessimoz [@CR9]), reciprocal best heuristics perform at least as good for this task as methods that first estimate the gene phylogeny (Altenhoff et al. [@CR3]; Setubal and Stadler [@CR41]). One reason for their resilience is that the identification of best matches only requires inequalities between sequence similarities. In particular, therefore they are invariant under monotonic transformations and, in contrast e.g. to distance based phylogenetic methods, does not require additivity. Even more generally, it suffices that the evolutionary rates of the different members of a gene family are roughly the same within each lineage.

Best match methods are far from perfect, however. Large differences in evolutionary rates between paralogs, as predicted by the DDC model (Force et al. [@CR13]), for example, may lead to false negatives among co-orthologs and false positive best matches between members of slower subfamilies. Recent orthology detection methods recognize the sources of error and complement sequence similarity by additional sources of information. Most notably, synteny is often used to support or reject reciprocal best matches (Lechner et al. [@CR31]; Jahangiri-Tazehkand et al. [@CR26]). Another class of approaches combine the information of small sets of pairwise matches to improve orthology prediction (Yu et al. [@CR47]; Train et al. [@CR44]). In the Concluding Remarks we briefly sketch a simple quartet-based approach to identify incorrect best match assignments.

Extending the information used for the correction of initial reciprocal best hits to a global scale, it is possible to improve orthology prediction by enforcing the global cograph of the orthology relation (Hellmuth et al. [@CR24]; Lafond et al. [@CR28]). This work originated from an analogous question: Can empirical reciprocal best match data be improved just by using the fact that ideally a best match relation should derive from a tree *T* according to Definition [1](#FPar1){ref-type="sec"}? To answer this question we need to understand the structure of best match relations.

The best match relation is conveniently represented as a colored digraph.

Definition 2 {#FPar2}
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The rooted tree *Texplains* the vertex-colored graph $\documentclass[12pt]{minimal}
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To emphasize the number of colors used in $\documentclass[12pt]{minimal}
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                \begin{document}$$G(T,\sigma )$$\end{document}$, that is, the number of species in *S*, we will write \|*S*\|-cBMG.Fig. 2Not every graph with non-empty out-neighborhoods is is a colored best match graph. The 4-vertex graph $\documentclass[12pt]{minimal}
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The purpose of this contribution is to establish a characterization of cBMGs as an indispensable prerequisite for any method that attempts to directly correct empirical best match data. After settling the notation we establish a few simple properties of cBMGs and show that key problems can be broken down to the connected components of 2-colored BMGs. These are considered in detail in Sect. [3](#Sec8){ref-type="sec"}. The characterization of 2-BMGs is not a trivial task. Although the existence of at least one out-neighbor for each vertex is an obvious necessary condition, the example in Fig. [2](#Fig2){ref-type="fig"} shows that it is not sufficient. In Sect. [3](#Sec8){ref-type="sec"} we prove our main results on 2-cBMGs: the existence of a unique least resolved tree that explains any given 2-cBMG (Theorem [2](#FPar28){ref-type="sec"}), a characterization in terms of informative triples that can be extracted directly from the input graph (Theorem [6](#FPar54){ref-type="sec"}), and a characterization in terms of three simple conditions on the out-neighborhoods (Theorem [4](#FPar45){ref-type="sec"}). In Sect. [4](#Sec15){ref-type="sec"} we provide a complete characterization of a general cBMG: It is necessary and sufficient that the subgraph induced by each pair of colors is a 2-cBMG and that the union of the triple sets of their least resolved tree representations is consistent. After a brief discussion of algorithmic considerations we close with a brief introduction into questions for future research.

Preliminaries {#Sec2}
=============

Notation {#Sec3}
--------
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We follow the notation used e.g. in Semple and Steel ([@CR40]) and say that $\documentclass[12pt]{minimal}
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Basic properties of best match relations {#Sec4}
----------------------------------------
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Thinness {#Sec5}
--------

In undirected graphs, equivalence classes of vertices that share the same neighborhood are considered in the context of thinness of the graph (McKenzie [@CR32]; Sumner [@CR42]; Bull and Pease [@CR7]). The concept naturally extends to digraphs (Hellmuth and Marc [@CR20]). For our purposes the following variation on the theme is most useful:

### Definition 3 {#FPar3}
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Some simple observations {#Sec6}
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Connectedness {#Sec7}
-------------

We briefly present some results concerning the connectedness of cBMGs. In particular, it turns out that connected cBMGs have a simple characterization in terms of their representing trees.

### Theorem 1 {#FPar7}
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The following result shows that cBMGs can be characterized by their connected components: the disjoint union of vertex disjoint cBMGs is again a cBMG if and only if they all share the same color set. It suffices therefore, to consider each connected component separately.
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Two-colored best match graphs (2-cBMGs) {#Sec8}
=======================================
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Thinness classes {#Sec9}
----------------
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### Observation 2 {#FPar11}
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### Lemma 2 {#FPar12}
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### Definition 4 {#FPar14}
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The following lemma collects some simple properties of the roots of classes that will be useful for the proofs of the main results.
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### Lemma 4 {#FPar19}
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### Proof {#FPar20}
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Least resolved trees {#Sec10}
--------------------

In general, there are many trees that explain the same 2-cBMG. We next show that there is a unique "smallest" tree among them, which we will call the least resolved tree for $\documentclass[12pt]{minimal}
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### Definition 5 {#FPar21}
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The next two results characterize redundant edges and show that such edges can be contracted in an arbitrary order.

### Lemma 5 {#FPar22}
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We are now in the position to formulate the main result of this section:
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Finally, we consider a few simple properties of least resolved trees that will be useful in the following sections.

### Corollary 3 {#FPar30}
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This result remains true also for 2-cBMGs that are not connected.

Characterization of 2-cBMGs {#Sec11}
---------------------------

We will first establish necessary conditions for a colored digraph to be a 2-cBMG. The key construction for this purpose is the reachable set of a class, that is, the set of all leaves that can be reached from this class via a path of directed edges in $\documentclass[12pt]{minimal}
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### Necessary conditions {#Sec12}

We start by deriving some graph properties of 2-cBMGs. We shall see later that these are in fact sufficient to characterize 2-cBMGs.

#### Theorem 3 {#FPar32}
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#### Definition 7 {#FPar34}
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#### Lemma 7 {#FPar35}
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#### Proof {#FPar36}
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### Sufficient conditions {#Sec13}

We now turn to showing that the properties obtained in Theorem [3](#FPar32){ref-type="sec"} are already sufficient for the characterization of 2-cBMGs. For this we show that the extended reachable sets form a hierarchy whenever $\documentclass[12pt]{minimal}
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The following simple property we will be used throughout this section:

#### Lemma 8 {#FPar37}

If *G* is a connected two-colored digraph satisfying (N1), then for any two classes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ holds$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} N(\alpha ) \cap N(\beta )=\emptyset \quad \text {implies}\quad N(N(\alpha )) \cap N(N(\beta ))=\emptyset \end{aligned}$$\end{document}$$If *G* satisfies (N2), then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(\alpha ) = N(\alpha ) \cup N(N(\alpha ))$$\end{document}$.

#### Proof {#FPar38}
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#### Lemma 9 {#FPar39}
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#### Proof {#FPar40}
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#### Lemma 10 {#FPar41}
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#### Proof {#FPar42}

\(i\) follows directly from the definition.
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                \begin{document}$$\alpha \subseteq N(\beta )$$\end{document}$; a contradiction.
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Finally we define, for any two-colored digraph $\documentclass[12pt]{minimal}
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#### Lemma 11 {#FPar43}
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#### Proof {#FPar44}
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Informative triples {#Sec14}
-------------------

An inspection of induced three-vertex subgraphs of a 2-cBMG $\documentclass[12pt]{minimal}
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We finally arrive at the main result of this section.

### Theorem 6 {#FPar54}
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***n***-Colored best match graphs {#Sec15}
=================================

In this section we generalize the results about 2-cBMGs to an arbitrary number of colors. As in the two-color case, we write if and only if *x* and *y* have the same in- and out-neighbors. Moreover, for given colors $\documentclass[12pt]{minimal}
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We can therefore think of the relation as the common refinement of the relations based on the induced 2-cBMGs for all colors *s*, *t*. In particular, therefore, all elements of a class of an *n*-cBMG appear as sibling leaves in the different least resolved trees, each explaining one of the induced 2-cBMGs. Next we generalize the notion of roots.
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Therefore, no further refinement can be obtained from triples of three different colors. Thus, the two-colored triples inferred from the induced 2-cBMGs for all color pairs may already be sufficient to construct $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(T,\sigma )$$\end{document}$. This suggests, furthermore, that every *n*-cBMG is explained by a unique least resolved tree. An important tool for addressing this conjecture is the following generalization of condition (vi) of Lemma [3](#FPar17){ref-type="sec"}.
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We are now in the position to characterize the redundant edges.
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Before we consider the general case, we show that 3-cBMGs like 2-cBMGs are explained by unique least resolved trees.

Lemma 16 {#FPar64}
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Proof {#FPar65}
-----
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The characterization of redundant edges in trees explaining 2-cBMGs together with the uniqueness of the least resolved trees for 3-cBMGs can be used to characterize redundant edges in the general case, thereby establishing the existence of a unique least resolved tree for *n*-cBMGs.
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-----
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As an immediate consequence, Theorem [9](#FPar72){ref-type="sec"} can be rephrased as:

Corollary 5 {#FPar76}
-----------
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Algorithmic considerations {#Sec16}
==========================

The material in the previous two sections can be translated into practical algorithms that decide for a given colored graph $\documentclass[12pt]{minimal}
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Let us now turn to analyzing the computational complexity of Algorithms 1, 2, and 3. We start with the building blocks necessary to process the 2-cBMG and consider performance bounds on individual tasks.
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In order to compute the thinness classes, we observe that the symmetric part of $\documentclass[12pt]{minimal}
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*Effort in then-color case* For *n*-cBMGs it is first of all necessary to check all pairs of induced 2-cBMGs. The total effort for processing all induced 2-cBMGs is $\documentclass[12pt]{minimal}
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Using Lemma [5](#FPar76){ref-type="sec"} it is also possible to use the set of all informative triples directly. Its size is bounded by $\documentclass[12pt]{minimal}
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We note, finally, that for practical applications the number of genes between different species will be comparable, hence $\documentclass[12pt]{minimal}
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Reciprocal best match graphs {#Sec17}
============================

Several software tools implementing methods for tree-free orthology assignment are typically on reciprocal best matches, i.e., the symmetric part of a cBMG, which we will refer to as *colored Reciprocal Best Match Graph* (cRBMG). Orthology is well known to have a cograph structure (Hellmuth et al. [@CR19]; Hellmuth and Wieseke [@CR23], [@CR22]). The example in Fig. [12](#Fig12){ref-type="fig"} shows, however, that cRBMG in general are not cographs. It is of interest, therefore to better understand this class of colored graphs and their relationships with cographs.Fig. 12Colored Reciprocal Best Match Graphs are not necessarily cographs. This simple counterexample contains the path $\documentclass[12pt]{minimal}
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Corollary 6 {#FPar80}
-----------

Every 2-cRBMG is the disjoint union of complete bipartite graphs.

Proof {#FPar81}
-----
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The converse, however, is not true, as shown by the counterexample in Figure [13](#Fig13){ref-type="fig"}. The complete characterization of cRBMGs does not seem to follow in a straightforward manner from the properties of the underlying cBMGs. It will therefore be addressed elsewhere.

Concluding remarks {#Sec18}
==================

The main result of this contribution is a complete characterization of colored best match graphs (cBMGs), a class of digraphs that arises naturally at the first stage of many of the widely used computational methods for orthology assignment. A cBMG $\documentclass[12pt]{minimal}
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Reciprocal best match graphs, i.e., the symmetric subgraph of $\documentclass[12pt]{minimal}
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                \begin{document}$$(G,\sigma )$$\end{document}$, form the link between cBMGs and orthology relations. The characterization of cRBMGs, somewhat surprisingly, does not seem to be a simple consequence of the results on cBMGs presented here. We will address this issue in future work.

Several other questions seem to be appealing for future work. Most importantly, what if the vertex coloring is not known *a priori*? What are the properties of BMGs in general? For connected 2-cBMGs the question is simple, since the bipartition is easily found by a breadth first search. In general, however, we suspect that---similar to many other coloring problems---it is difficult to decide whether a digraph *G* admits a coloring $\documentclass[12pt]{minimal}
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As discussed in the introduction, usually sequence similarities are computed. In the presence of large differences in evolutionary rates between paralogous groups, maximal sequence similarity does not guarantee maximal evolutionary relatedness. It is often possible, however, to identify such problematic cases. Suppose the three species *a*, *b*, and *c* form a triple *ab*\|*c* that is trustworthy due to independent phylogenetic information. Now consider a gene *x* in *a*, two candidate best matches $\documentclass[12pt]{minimal}
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From a data analysis point of view, finally, it is of interest to ask whether an *n*-colored digraph $\documentclass[12pt]{minimal}
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                \begin{document}$$(G,\sigma )$$\end{document}$ that is not a cBMG can be edited by adding and removing arcs to an *n*-cBMG. This idea has been used successfully to obtain orthologs from noisy, empirical reciprocal best hit data, see e.g. Hellmuth et al. ([@CR19]), Lafond and El-Mabrouk ([@CR29]), Hellmuth et al. ([@CR24]) and Lafond et al. ([@CR28]); Dondi et al. ([@CR11]). We propose that a step-wise approach could further improve the accuracy of orthology detection. In the first step, empirical (reciprocal) best hit data obtained with ProteinOrtho or a similar tool would be edited to conform to a cBMG or a cRBMG. These improved data are edited in a second step to the co-graph structure of an orthology relation. Details on cRBMGs and their connections with orthology will be discussed in forthcoming work.
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